
OFFPRINT

Phase-transition–behaviour of information
measures in financial markets
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Abstract – We apply measures based on information theory to the analysis of day close equity
prices traded on US stock markets over the 13-year interval from 1995 up until after the market
crash of September 2008. We show that the mutual information between prices provides insight
into the changing relationships between equities over a time period which includes three known
market crashes and two events which have not previously been included in this type of study, one of
which is related to the sub-prime meltdown starting in 2007. Specifically, the mutual information
around market crashes shows behaviour typical of the phase transitions studied in condensed-
matter physics, however similar but more extended peaks in mutual information are also observed
at other times not associated with any known market crashes.
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Introduction. – Price fluctuations in financial markets
have a significant impact on the lives of many people
around the world. Market crashes are the most prominent
of these fluctuations where a single day’s trading can see
large fortunes lost for individuals and corporates alike as
well as posing difficult questions for government policy
makers to answer [1]. Previous work [2–5] has suggested
that these crashes are similar in nature to the phase
transitions or critical points studied in natural systems
such as ice to liquid transitions or earthquakes. In this
work we use an information theoretic technique applied to
the micro-dynamics of the inter-price relationships to show
two phase transition-like events in market behaviour: one
beginning in 2002 and a second event which began with the
sub-prime mortgage crisis and culminated in the market
crash late in 2008.
Our data is the day-close prices of equities which

made up the S&P 100 as of November 2008 for which
prices are available over the thirteen-year period. Despite
the complex motivations of the traders whose buying
and selling of financial instruments forms the observed
prices, we show that collective price behaviour has some
commonality with the behaviour studied in work on
complex systems.

(a)E-mail: mike@centreforthemind.com

Phase transitions. – Phase transitions and critical
points are well-studied phenomena in condensed-matter
physics [6] and complex-systems theory [7]. When a
phase transition occurs the qualitative behaviour of the
whole system may change as a result of a very small
variation in some parameter. A common example is the
phase transition of water from a gas to a liquid state as
the temperature decreases. This type of abrupt change
appears in many theoretical models including the Ising
model [8,9], random Boolean networks [10,11] and models
of flocking behaviour [12,13].
In comparison to these model systems, stock market

crashes are often discussed qualitatively in terms of phase
transitions. Inroads have been made in formalising this
conceptual picture and two different models have been
used recently for financial markets near crashes. The
approach of Johansen et al. [14] finds log-periodic oscil-
lations in aggregate market behaviour for a significant
length of time before a market crash. A second approach
proposed by Kiyono et al. [3] uses multiplicative random
processes to model crash events. Both of these methods
fit parametric models to an aggregate time series such as
the S&P 500 leaving open the question of what individual
equity behaviour might result in phase transitions and if it
is possible to study phase transitions in financial markets
without an explicit parametric model.
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Here we demonstrate a phenomenological description
which does not require parametric fitting and explic-
itly uses the underlying dynamics of individual equity
prices. The method used here is called mutual informa-
tion (MI) [15], a more general tool than the standard
correlation coefficients used elsewhere [16]. It differs from
linear methods such as the Pearson correlation coefficients
in that it is able to capture the nonlinear relationships
between two time series [17], an important criteria when
studying non-linear phenomena such as phase transitions.
Although there is a relationship between the MI and linear
correlations for binary systems [18] this is not true in more
general systems with more than two states such as our
price data. In this work, the price data used is accurate
to the nearest cent and then dynamically aggregated to
six bins (states), see the Methods section for details. MI
has been successful in detecting phase transitions in statis-
tical mechanics [18,19] and models of flocking behaviour
where Wicks et al. [20] have shown that MI is a sensitive
measure of phase transitions in the Viscek [12] model. This
technique has not previously been used to study critical
phenomena in market behaviour.

Mutual information. – Following Matsuda [18] we
define XY as a joint system consisting of two individual
systems X and Y where xi is a state of X, yi a state of Y
and xiyj is a state of the joint systemXY . The probability
that system X is in state xi is p(xi), the probability that
system Y is in state yi is p(yi) and the probability that
the joint system XY is in the joint state xiyj is p(xiyj).
The mutual information It(X,Y ) between two time series
X and Y at t is [18]

It(X,Y ) =Ht(X)+Ht(Y )−Ht(X,Y ). (1)

Ht(·) is the marginal entropy and Ht(·, ·) the joint entropy
defined as

Ht(X) =−
∑

i

p(xi) log p(xi), (2)

Ht(X,Y ) =−
∑

i,j

p(xiyj) log p(xiyj). (3)

In this work X and Y are two time series of equity price
changes. If the day close price of equity i on trading
day τ is σiτ and the next trading day τ +1 has price
σiτ+1, then the time series is the sequence of log price
differences δiτ = log(σ

i
τ+1)− log(σ

i
τ ) for each trading day

τ over the period November 1994 to November 2008. We
collected price data for 89 equities for which information
was available on the Yahoo! Finance website [21]. These
equities are a subset of the S&P 100 index as composed
in November 2008 for which data was available over the
time period.
Wicks et al. [20] have shown that a phase transition

can be detected by observing the MI between as few as
10 particles in a system of 3000 particles which supports
our use of a small subset of the market. The probabilities
calculated at t are derived from a window of 100 trading
days, see the Methods section for details. We refer to the
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Fig. 1: (Colour on-line) It(δ
i) for each equity. Deleted: and the

average value of It(δ
i). The colour-map is the value It(δ

i) for
each equity over time. The 6 events reported in this work are
labelled.

MI between two equities i and j at t as It(δ
i, δj) where

the subscript t defines the window over which the values
of δiτ are taken. For each equity i, It(δ

i, δj) was calculated
for all 88 possible equities j for all time windows t. The
result is 3400 matrices of the pairwise MI between equities,
each matrix being 89× 89 in size. This sequence of mutual
information matrices represents the time evolution of the
relationships between equities. Finally take the mean MI
for every equity j ∈ {1, 2, . . . , 89}, j �= i:

It(δ
i) =

1

88

∑

j

It(δ
i, δj). (4)

In terms of MI, a phase transition in a binary spin
system is a point at which the coordination of individual
elements of a system is high relative to their marginal
entropies. This can be seen in eq. (1) which is maximised
when Ht(X) and Ht(Y ) are maximal while Ht(X,Y ) = 0.
At this point the marginal entropies, a measure of the
disorder of X and Y , are high and so X and Y are sepa-
rately disordered while at the same time the coordination
between X and Y is high. This results in a peak in It(δ

i)
when a system is both volatile and the individual elements
are behaving in a “herd-like” fashion. Herding or imita-
tive behaviour has been discussed extensively [5,14,22–24]
as an explanatory mechanism for market behaviour partic-
ularly around crash events. In this work we separate out
the marginal entropies and the joint entropies in order
to examine the changes in the mutual information in
terms of relative changes in the disorder of the individual
equity prices, measured by the marginal entropies, and
the changes in the co-ordination of the equity prices, as
measured by the joint entropies.

Market dynamics. – In order to see the market wide
effect of changes in mutual information, figs. 1 and 2 plot
It(δ

i) for each equity and the overall market mean MI, as
measured by the mean of It(δ

i) at each time step. In fig. 1
the significant events marked by lines at positions 1, 2 and
6 are known market crashes, event 3 marks September 11,
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Fig. 2: (Colour on-line) The mean mutual information for the
whole market with the events labelled.

01 ’95 11 ’95 08 ’96 06 ’97 03 ’98 01 ’99 10 ’99 08 ’00 06 ’01 04 ’02 01 ’03 11 ’03 08 ’04 06 ’05 03 ’06 01 ’07 10 ’07 08 ’08
0.8

0.9

1

1.1

1.2

1.3

1.4

1.5

Date (mm yy)

y
p

ort
n

E
n

a
e

M

1 2 3 4 5

6

Marginal Entropy

Joint Entropy

Fig. 3: (Colour on-line) The separation of mean joint entropy
and the mean marginal entropy with the events labelled.

2001 and event 5 marks the onset of the sub-prime
mortgage crisis. Event 4 is an anomaly in that we have
not been able to identify a particular market event or
series of events which might have caused this change in
market dynamics. In fig. 2 some of the overall behaviours
visible in fig. 1 can be seen. There are two localised peaks
during 1997 and 1998 (marked with arrows 1 and 2)
followed by a quiescent period until a significant “twin”
peak in 2002–2003 the origin of which is unclear. These
peaks are followed by another relatively quiescent period
before the effects of the sub-prime mortgage meltdown are
seen beginning in the middle of 2007. Finally the crash of
September 2008 is seen as the largest single peak in the
data at the very end. Note that all dates are given for the
centre of the 100 trading day wide window and so each
event is influenced by both the preceding and following 50
trading days.
In order to see the underlying mechanisms of these

events more clearly, fig. 3 separates out the mean marginal
entropy and the mean joint entropy across the 89 equi-
ties. The six significant events have been identified in the
data and labelled, five of which are known from previous
reports. Events 1 and 2 are marked at t=October 1997
and November 1998. These events are the Russian finan-
cial crisis of 1998 [25] and the mini-crash of 1997 [26].

Despite being called a “mini”-crash this was the third
largest single day decline in the Dow Jones Industrial
Average Index in its history [26] and has been described as
a critical point by Johansen et al. [14]. The effects of these
events are seen as a decrease in the mean marginal entropy
across an interval of 100 trading days due to the effect of
the windows over which the entropies were calculated, the
centre of these intervals is exactly the dates of the crashes
indicated by the position of the arrows. Event 3 is the
effect of the September 11, 2001 attacks on the World
Trade Centre which reduced the mean marginal entropy
but had little effect on the mean joint entropy relative to
the mean joint entropy of the market around the time of
the event. As a consequence, the effects of the attacks are
not noticeable in the mean MI of fig. 2.
Event 4, the onset of which is marked in the data rather

than an implicit window’s midpoint1, is not correlated
with anything we have been able to identify in the
literature. This is surprising as both the marginal entropy
and the joint entropy were significantly altered during
this period and represents the third largest peak in the
MI and the second largest drop in the marginal entropy.
Event 5 is also identified at its onset rather than a window
midpoint because this is a “continuous” event related to
the sub-prime mortgage crisis (SMC) which is believed to
have begun around mid-2007 [27]. Much like event 4 the
SMC began with a shift in the marginal and joint entropy,
however despite the considerable discussion around the
SMC, the changes in the MI and marginal entropies are
less pronounced than that of event 4. This overall increase
in the MI due to the SMC produced the second largest
peak in the MI in the data set.
Finally, event 6 marks the market crash of September

2008 where the MI achieved the highest value and the
marginal entropy its lowest value in the data-set. This is
to be expected as the crash is the most significant market
event since the market crash of 1929.
It has been suggested by other authors that events 1

and 2 are related [25] and were produced by exogenous
rather than endogenous factors such as trader’s sentiments
or other aspects of behavioural finance. The attacks of
September 11, 2001 are also an exogenous event but
appear to differ significantly from the previous two events.
Comparing the changes in the mean marginal entropy
of these three events, event 1 shows a drop of 10.7% in
marginal entropy, event 2 a drop of 8.9% and event 3
a drop of 7.6%. However, there is very little increase in
the MI at event 3 compared to the period immediately
before and after it. This differs from events 1 and 2 which
do show a noticeable change in the MI from the period
immediately before and after. We also see that the overall
value of the MI at the peak of event 3 is 23.6% lower
relative to the peak at event 1, implying a distinct decrease

1This is because it is not clear from the data whether this peak

is due to a single event 50 days later than the onset indicated by the

arrow, or if there was an ongoing event which is more temporally

spread out as is suggested by the persistence of this peak over many

months as suggested by fig. 1.
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Fig. 4: (Colour on-line) The six largest eigenvalues for the
correlation matrices generated by Pearson’s method (top) and
Mutual Information (bottom).

in the co-ordination of price movements at event 3.
This suggests that there may be different effects on the
market prices in terms of the “collective co-ordination”
of the prices depending on the type of exogenous event
whereby the overall entropy is distinctly influenced, but
does not necessarily produce an increase in the collective
co-ordination of a crash as captured by the MI.
Comparing event 4 with event 1 provides an alternative

perspective on the change in MI. Event 4 shows a sharp
drop in marginal entropy of 11.5%, greater than the
market crash of event 1. However the increase in the
MI is considerably different: comparing the MI peak of
event 1 to the highest peak following event 4, which occurs
50 trading after the position marked in figs. 1 and 2,
this peak is 83.7% higher than event 1. In the case of
event 4 we have a large increase in the collective co-
ordination of the equity prices for approximately the same
change in the marginal entropies. Event 5 shows a sharp
change in marginal entropy of 8.7% however, much like
event 4, the increase in the MI is far more significant
than that of event 1, eventually rising to a peak to peak
difference of the MI immediately following event 5 being
111.3% larger than that of event 1. Finally, event 6 is
the crash of September 2008 where both the drop in the
marginal entropy and the increase in the MI are the most
significant in the data set. In this case we see that both the
overall disorder as measured by the marginal entropy has
decreased significantly and the collective co-ordination of
the prices has increased. The peak in the MI at event 6 is

125.5% higher than that of event 1 and the sharp decrease
in the marginal entropy amounts to a change of 17.3%.
To establish the relationship between these results and

previous work, fig. 4 compares the six largest eigenval-
ues for the time series of matrices generated via the MI
and that generated by the standard Pearson correlation
coefficients, see for example [16]. The key features of the
MI eigenvalues are apparent in the Pearson eigenvalues
where the peaks and troughs in the principal eigenvalue
occur at almost exactly the same points and minor differ-
ences are only of the order of a day or two. The signifi-
cant differences between the two techniques is seen in the
peak to peak values of the principal eigenvalue between
the crash of October 1997 and the crash of September
2008: the Pearson correlation has a principal eigenvalue
approximately 38% larger from one event to the other
whereas the principal eigenvalue for the mutual informa-
tion is approximately 118% larger. Here the principal MI
eigenvalue suggests that the 2008 event is relatively much
more significant than the 1997 event when compared with
the Pearson method. As MI captures both the linear and
non-linear relationships between equities, this difference
is suggestive of the complex interactions between equities
during the 2008 market crash.

Discussion. – The three known market crashes over
the period from November 1994 to November 2008, events
1, 2 and 6, exhibit an increase in the mean joint entropy
which is analogous to the increased co-ordination of spins
in models used in statistical mechanics during phase tran-
sitions. This is in agreement with previous work which has
used alternative methods to argue that these events are
analogous to critical points and phase transitions. These
results are also in agreement with work on theoretical
models of flocking behaviour where the MI is known to
spike at the phase transition between random behaviour
and the co-ordinated collective behaviour. These types of
models only assume one parameter, such as temperature
in spin models or noise in flocking models, which can be
allowed to vary smoothly. Yet this smooth variation of a
single parameter can induce a discontinuity in the overall
properties of the system being studied.
In the case of financial markets it is not obvious that

such a single parameter exists or that it is necessarily
varying smoothly over time. In the period covered by our
data, there are two significant spikes evident in the MI,
events 4 and 5, which are not associated with any known
financial crashes. The onset of elevated MI values at event
5 is almost certainly caused by the sub-prime mortgage
crisis which, alongside the subsequent crash in September
2008, will continue to influence the markets for a long time
to come. It is surprising then that event 4 which shows the
same characteristics and is of equal severity as event 5 has
not had the same level of coverage in the literature.
We conjecture that there may be at least two different

processes which result in this behaviour. The first is the
on-off intermittency, or “bursting”, described by Platt
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et al. [28] in systems which exhibit both smooth and
chaotic behaviours and which has been used by Lux and
Marchesi [23] in modelling the characteristics of market
dynamics. The second is that market traders can behave
in a herd-like fashion and that this collective behaviour is
observed in the collective co-ordination of market prices.
Intermittent bursting explains a decrease in entropy as the
market becomes more volatile (but not necessarily more
co-ordinated) and flocking explains increases in the co-
ordinated behaviour of prices seen by increases in mutual
information. These two effects can be seen distinctly in
isolation, as in the exogenous event 3, and together, as in
the market crashes of events 1, 2 and 6. Further work will
shed light on whether there are any substantive differences
in the causes of these shifts in market dynamics or if there
is a single unifying principle which can draw together these
different phenomena.

Methods. – We downloaded the adjusted day close
prices for 89 equities from the Yahoo! Finance website [21]
from November 1994 to November 2008. To calculate MI
the Matlab code made available by Slonim and used for
information based clustering was used [17]. Six bins were
used for the calculations according to the methodology
outlined in Slonim et al. [17] and related citations therein.
The use of six bins means a time series is composed of six
possible states where the number of bins was chosen such
that the maximum amount of information was captured
without introducing artefacts, see Cellucci et al. [29] for
details. Each window across which It(X,Y ) was calculated
was 100 trading days wide and each successive window was
offset from the previous one by 1 trading day resulting in
3400 total calculations of the mutual information matrix.
Window sizes of 100, 125 and 150 days were tested and
the results were robust to the window size used. The
smallest window size was used in order to achieve the finest
resolution possible. t is the date in the middle of the time
window and it is this date which is used in the figures. The
number of actual observations in the original time series is
somewhat reduced by the need to delete any trading day
from the whole data set for which any one of the equities
did not have price data
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